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Verbally prime algebras are important in PI theory. They were de- 
scribed by Kemer over a field K of characteristic zero: and K{T) (the 
trivial ones), M n (K), M n (E), M a b(E). Here K(T) is the free associative 
algebra of infinite rank, with free generators T, E denotes the infinite 
dimensional Grassmann algebra over K, M n (K) and M n (E) are the n x n 
matrices over K and over E, respectively. The algebras M a b{E) are sub- 
algebras of M a+ i,(E), see their definition below. The generic (also called 
relatively free) algebras of these algebras have been studied extensively. 
Procesi described the generic algebra of M n (K) and lots of its properties. 
Models for the generic algebras of M n (E) and M a b(E) are also known but 
their structure remains quite unclear. 

In this paper we study the generic algebra of Mn (E) in two generators, 
over a field of characteristic 0. In an earlier paper we proved that its centre 
is a direct sum of the field and a nilpotent ideal (of the generic algebra), 
and we gave a detailed description of this centre. Those results were 
obtained assuming the base field infinite and of characteristic different 
from 2. In this paper we study the polynomial identities satisfied by 
this generic algebra. We exhibit a basis of its polynomial identities. It 
turns out that this algebra is PI equivalent to a 5-dimensional algebra of 
certain upper triangular matrices. The identities of the latter algebra have 
been studied; these were described by Gordienko. As an application of 
our results we describe the subvarieties of the variety of unitary algebras 
generated by the generic algebra in two generators of Mn(E). Also we 
describe the polynomial identities in two variables of the algebra M\\{E). 
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Let A be a field of characteristic 0, and denote by A the infinite dimensional 
Grassmann algebra over A. If V is a A-vector space with a basis e\, 
then E = E(V) is the vector space with a basis consisting of 1 and all products 
e^&jj ■■■ei h , i\ < %2 < ■■■ < ik, k > 1. The multiplication in E is induced 
by the anticommutative law for the e^'s, that is by = — e^e, for all i and 
j. The Grassmann algebra plays an extremely important role in the theory of 
PI algebras. It is one of the natural examples of a PI algebra that satisfies no 
standard identity whenever char A" = 0. (Note that every PI algebra over a 
field of characteristic p > satisfies some standard identity, due to a result of 
Kemer.) The Grassmann algebra is Z2-graded: one can verify that A = Aoffi Ai 
where the vector subspaces Ei are spanned by all elements from its basis such 
that k = i (mod 2). Then E a Eb C E a+ b where the latter sum is modulo 2. 
Recall that Eo is just the centre of E. This gives E the structure of a 2-graded 
algebra (also called superalgebra). One of the most important developments in 
PI theory came with Kemer's results on the structure of the T-ideals. These 
results led Kemer directly to the positive solution of the long standing Specht 
problem, among others (see [5]). Kemer based his theory on the description 
of the T-prime (also called verbally prime) algebras. These turn out to be the 
matrix algebras M n (K), the algebras M n (E) of the matrices with entries in E, 
and the algebras M a t(E). The latter is a subalgebra of M a+ b(E); it consists of 
all block matrices with blocks of sizes ax a and b x b on the main diagonal with 
entries from Eq, and the remaining, off-diagonal blocks with entries from E\. 
Afterwards Kemer proved that every finitely generated PI algebra satisfies the 
same identities as a suitable finite dimensional algebra. Moreover, if A is any 
PI algebra then it satisfies the same polynomial identities as the Grassmann 
hull of a suitable finite dimensional superalgebra. Recall that if A — Aq © A± is 
2-graded then its Grassmann hull is G(A) = A © E © A\ ® E\ . 

In spite of the importance of the T-prime algebras not much is known about 
the concrete form of their polynomial identities. The T-ideals of M„(A) are 
known only for n = 1 and 2, see [Hill], and also [T7] for a streamlined version 
of the proof. When A is infinite and of characteristic different from 2, a basis of 
the identities of M%{K) is also known, see [21 IS]- The identities of the Grassmann 
algebra E were described in [TT] in characteristic 0, and by various authors over 
any field, see the bibliography of [6]. In [14] Popov described the identities of 
E © E over a field of characteristic 0. Note that according to Kemer's theory 
A © A and Mn(A) satisfy the same polynomial identities, that is they are PI 
equivalent. Note also that these two algebras are not PI equivalent in positive 
characteristic p > 2, see [TJ. 

When one studies the identities of M n (K) the algebra of the generic matrices 
comes into play. Berele in [5] constructed generic algebras for the remaining T- 
prime algebras. We recall these constructions below. 

In an earlier paper [TU] we started studying the relatively free algebra of 
Mn (A) in two generators. We were able to give quite precise description of its 
centre. We proved that the centre of this algebra is a direct sum of the field and 
a nilpotent ideal of the algebra, and we showed that the centre contains quite 
a lot of non-scalars. In this way we gave an answer to a question posed in [2]. 
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Below we recall results of [TU] needed for our exposition. 

In this paper we work over a fixed field of characteristic 0. We describe the 
polynomial identities of the generic algebra in two generators for M\\[E). It 
turns out the basis of its identities consists of three polynomials given in ex- 
plicit form. It is worth mentioning that the same polynomials form a basis of 
the identities of a certain subalgebra of the 3x3 upper triangular matrices. 
This algebra appears in the study of extremal properties of the codimension 
sequence, see for example [IS]. Later on its identities were described by Gordi- 
enko, see for example [7]. Our methods are based on the representation theory 
of the symmetric and the general linear groups, on the results from [10) . and 
on the description of the polynomial identities of M\\{E) given by Popov in 
[T4] . Moreover we describe the unitary subvarieties of the variety generated by 
our algebra. We also prove that asymptotically the identities of every proper 
(unitary) subvariety behave exactly as the identities satisfied by the algebra of 
upper triangular matrices of order two, or as those of commutativity. 

As an application of the techniques developed here we describe also the 
polynomial identities of Mxx(E) in two variables. To this end we use some ideas 
from a paper by Nikolaev, [13] where the identities in two variables of Mi{K) 
were described. 

1 Preliminaries 

Throughout we consider unitary associative algebras over a field K of charac- 
teristic 0. Let K(T) be the free associative algebra freely generated over K by 
the set T = {t x , h, ■ ■ ■ }• If A is a PI algebra we denote by I = T(A) C K(T) 
its T-ideal, that is the ideal of all identities of A. The algebra U(A) = K(T)/I 
is the relatively free (or generic) algebra in the variety of algebras defined by A. 
When T is a finite set, say T — {t x , . . . ,tf-} one obtains the relatively free (or 
generic) algebra of A of rank k and denotes it by Uk{A). We shall use the same 
letters U for the generators of K(T) and for their images under the canonical 
projection K(T)/T(A) = U(A). 

We recall the construction of the free supercommutative algebra K [X ; Y) . 
Let K(X U Y) be the free associative algebra freely generated by the set X UY 
where X P\Y = 0. This algebra is 2-graded in a natural way assuming the 
variables in X of degree 0, and those in Y of degree 1. Let I be the ideal 
generated by all ab — (— l)^'^ba where a and b run over the homogeneous 
elements in K(X U Y), and \a\ is the Z2-degree of the homogeneous element 
a, and put K[X;Y] = K(X U Y)/I. Then K[X;Y] = K[X] ® K E(Y), here 
E(Y) is the Grassmann algebra on the vector space with a basis Y, see for more 
detail [2]. If a 2-graded algebra A = A Q © Ax satisfies ab - (-l)l a l'l fe l& a = 
for all homogeneous a and b then it is called supercommutative. Clearly the 
Grassmann algebra is supercommutative. 

Take X = {x\A, Y = } where 1 < i,j < n, r = 1, 2, . . . ; here r is 
an upper index, not an exponent. One defines the matrices A r — (a;L-), B r — 
(xy + ylj), C r — (z[ ) where z = x whenever 1 < i,j < a or a + 1 < i,j < a + b, 
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and z = y for all remaining possibilities for i and j. Suppose a + b = n, and 
consider the following subalgebras of M n (K[X;Y]). The first is generated by 
the generic matrices A r , K[A r \ r > 1], It is isomorphic to the relatively free (or 
universal) algebra U(M n (K)) of M n (K). In [3J Theorem 2] it was proved that 
U{M n {E)) K[B r | r > 1], also U(M ab (E)j ^ X[C r | r > 1]. The relatively 
free algebras of finite rank k, denoted by U/., can be obtained by letting r = 1, 
. . . , that is by taking the first k matrices. 

The algebra K{T) is multigraded, counting the degree of its monomials in 
each variable. We work over a field K of characteristic therefore every T-ideal 
is generated by its multilinear elements, see for example [5J Section 4.2]. 

The polynomial identities of Mu(E) were described by Popov in character- 
istic 0, see the main theorem of [14]. The theorem reads that the polynomials 

[[h,t 2 ] 2 ,h], [[hMhMM (i) 

generate the T-ideal of E <E) E, and of Mu(E) as well. Here [a, b] = ab — ba is 
the usual commutator of a and b. The higher commutators will be left normcd 
that is [a, b, c] = [[a, b],c], and so on. 

Let L(T) be the free Lie algebra on the free generators T. If one substitutes 
the usual product in an associative algebra A by the bracket [a, b] = ab — ba one 
gets a Lie algebra denoted by A" . It is well known that L(T) is the subalgebra 
of K(T)~ generated by T. Moreover K(T) is the universal enveloping algebra 
of L(T). Choose an ordered basis of L(T) consisting of T and left normed 
commutators. Suppose further that if u and v are elements of the basis then 
degw < degu implies u < v, in this way the free generators in T precede all 
remaining basis elements. Then a basis of K(T) is given by 1 and all elements 
t" 1 ■ ■ ■ t^ k ui ■ ■ ■ u m where > 0, and Ui are commutators, u\ < • • ■ < u m . Let 
B(T) be the subalgebra of K(T) generated by 1 and all commutators of degree 
at least two. Thus B(T) is spanned by 1 and the products of commutators. 
The elements of B(T) are called proper polynomials. As we work with unitary 
algebras it is well known that every T-ideal I is generated by its proper elements, 
see for example [5J Section 4.3]. 

2 The generic algebra of Mn(E) in two genera- 
tors 

In the paper [TU] we studied the generic algebra of Mn(E) in two generators, 

F = K[Ci,C 2 ] where d = ( X ) V ]\, C 2 = V V\- The entries of C x 

and C2 lie in the free supercommutative algebra K[X; Y], X = {x±, x 2 , x[, x' 2 }, 
Y = {2/1,2/2, y[,y 2 }- Here we recall some results of [10] that we need. 

The algebra K[X; Y) is 2-graded in a natural way. It can be given a Z-grading 
by counting the degree in the variables of Y only: K[X; Y] — (B ne zK[X; Y] W 
where K[X; y](") is the span of all monomials of degree n in the variables from 
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Y. Obviously K [X; Y]^ = unless < n < 4. Also 

K[X;Y] = K[X;Y} {0) + K[X;Y} {2) + K[X;Y} {i) ; 
= K[X;Y] {1) +K[X;Y} {3) . 

We set B = {l}, B x = {yi,y 2 ,y[,y' 2 }, B 2 = {yiy 2 ,yiy'i,yiy 2 ,y 2 y'i,y 2 y 2 ,y'iy 2 }, 
B 3 = {yiy2y[,ytV2V2,viy{v-i,y2yiy!i}, B 4 = {yiy^y^}. Tnen for n = 0,i, 2, 

3, 4, K[X; y]( n ) is a free module over with a basis B n . As a consequence 

K[X\Y] is a free module over K [X] with a basis B = B U B x U B 2 U S 3 U B±. 
Also the ideals in Y] are K (AT]-submodules. 

The following elements were introduced in [10] , 

hi = yiy 2 y[y 2 , 

h 2 = yiy2(y'i(x' 2 - x 2 ) - y' 2 (x[ - xi)); 

h 3 = 2/12/2(2/1 (4 - x 2 ) - 2/2 (xi - xi)); 

h i = (2/1(4 - x 2) - y 2 ( x/ i - xi))(yi(x' 2 - x 2 ) - 2/2 (xi - xi)). 

It is immediate to check they satisfy the following relations in iC[X;y]. 

hiyi = hiy[ = h x y 2 = h\y' 2 = 0; h 2 yi = h 2 y 2 = h 3 y[ = h 3 y' 2 = 0; 
h 2 y[ = h 3 yi = (x[ - xi)hi; h 2 y' 2 = h 3 y 2 = (x' 2 - x 2 )hi\ 
h 4 yi = (xi - xi)h 2 ; h 4 y 2 = (x' 2 - x 2 )h 2 ; 
hiy[ = -(x[ - xi)h 3 ; h 4 y' 2 = -(x' 2 - x 2 )h 3 . 

We shall also need the polynomials 

En . 
x\x™~ 1 ; Q n {x 2 ,x 2 ) = q n (x 2 ,x 2 ); 
1=0 

r n (xi,x[)=y (n - ^x™" 1- ^'] 1 ; R n {x 2 , x 2 ) = r n (x 2 , x 2 ); 

s„(xi,xi) = r n (xi,xi); S n (x 2 ,x' 2 ) = s„(x 2 ,x 2 ). 

One verihes by an obvious induction that 

r n = q n -i +xir„_i; s n = g„_i + xis n _i; s„ + r n = (n + l)q n -V, 
q n = x" + ^i<? rl -i = xi™ + xiq n -i; {x[ - £i)<7„_i = x[ n - X™ ; 
x^i m - x^x'^ 1 = (x[ - xi){q n q m -i - q m q n -i). 

We compute directly that for every m and n we have 




x'i n - yiy'iSn-x) 1 

y 2 Qm-i 
x' 2 m - y 2 y' 2 S m -\ 



(xf + y 2 y' 2 R m -i 
\ y 2 Qm—i 



In this way the product C n C™ equals 




a;™a;™ + a + d 
y'^qn-i + t/ 2 xi n Q TO _i + c' 



2/ix 2 " l <7n-i + y 2 XiQ m -i + c 
x[ n x 2 m + a> + d' 
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Let A = [ a \ )) G F = K[d,C 2 } be central. It was shown in [10 that 



where a, a' G K[X;Y}^, d, d' G K[X-Y]^\ and c, d G K[X-Y]^\ 
'a 6> ' 

, c d J 

d — a G J = Ann((x' 2 - x 2 )y\ - (x[ - xi)y 2 ) (1 Ann((x 2 - x 2 )y[ - (x[ - xi)y 2 ). 

By [TU1 Proposition 5] the ifLYJ-module J is spanned by {h\, h 2 , h 3 , /i4}. Corol- 
lary 6 from [10] states that the matrix A commutes with C% and C 2 if and only 
if b = /4/12, c = —74/13, d = a + /i/ii + /4A4 for some fx, fx G -Kl-X]- Hence A 

is central if and only if A = al + fx \ ~ P ] + /< ^ 



hi J V— /13 /14 
Following the notation used in |10j we define matrices in F: 

' \0 hxj \0 hi J' \-h 3 hi) \0 ^ 

An element a G F is strongly central if it is central, and also for each b G F 
the element ab is central in F. One checks (jTUJ Lemma 7]) that for arbitrary 
on G K [X] the elements olqAq + aiAi + a 2 A 2 + a 3 A 3 are strongly central in F. 

We shall need a couple of technical statements from [TU] . Take a left normed 
commutator f(ti,t 2 ) — [tx, t 2 , ti 3 , . . . , U k ], ij — 1, 2, such that deg tl / = n, 
deg t2 / = m, n + m = k. Then Lemma 8 from [TU] states that f(Cx,C 2 ) — 
(x'i - xiY^ix^ - x 2 ) m ~ 1 A(k) where 



A{k) = 
F(k) = 



F(k) y± (x' 2 -x 2 ) -V2(x[ -XiY 

{-l) k {y l 2 {x' l -xi)-y'i{x l 2 -x 2 )) F{k) 

(yi(x' 2 - x 2 ) - y 2 (x[ - xi))y[ + (-l) k yi(y' 2 (x'x - xi) - y'i{x' 2 - x 2 )) 
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In the expression for F(k) the index i stands for i^. The formula for f(Ci, C 2 ) 
yields that if fx, f 2 are non-zero commutators in F then fx(Ox,C 2 )f 2 (Cx,C 2 ) 
is strongly central and not an identity in F, see [101 Lemma 9]. 



3 Some identities for the algebra F 

Lemma 1 Let fi(ti,t 2 ), f 2 (tx,t 2 ), f 3 (tx,t 2 ) be three commutators and put g = 
/i/2/3- Then g(Cx,C 2 ) vanishes on F. 

Proof. We write the fi as linear combinations of left- normed commutators, 
thus it suffices to consider the case when all fi are left-normed. By [TUJ Lemma 
9] the product fi(Ci,C 2 )f 2 (Ci,C 2 ) is, in turn, a combination of the matrices 
Aq, A 2 , A3 defined above. Now the entries of the matrices Ai are either zeros 
or, up to a sign, some of the elements hj, 1 < j < 4. Looking at the above 
expression for f 3 {Ci,C 2 ) we see that its entries vanish when multiplied by hj. 
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Corollary 2 Let /(tijta) = tfltV^ul 1 ■ ■ •tt£: r where the m are left-normed com- 
mutators in t\ and £2- Then f(C%, C2) — in F if and only if k\ + • • • + k r > 3. 

Proof. Lemma [1] implies the "if part. Suppose k\ + ■ ■ ■ + k r < 2, then the 
product of two left-normed commutators cannot be in F. Also the matrices 
Ci and C2 are not zero divisors in F according to [TUl Lemma 2] . 

We make use of the following two equalities that are valid in every associative 
algebra. They are well known and their proofs consist of an easy induction. We 
separate them into a lemma for further reference. 

Lemma 3 Let z, a, b £ K(T), and n > 1 then 

ri-1 
i=0 

Lemma 4 Let u be a left-normed commutator in K(T) and let v 6 K(T). 
Then uv = '^2 i ViUi where m are left-normed commutators, Vi G K(T), and 
degtti > degu for all i. 

Proof . It suffices to consider v = t\, then ut\ = [u, t{\ + t\u. Then [u, t{\ is 
left-normed and deg[w,ii] > degu. (} 

Propositions The polynomials [[ti,t2][t3,ti\,t5] and [ti,t2][t3,ti\[t5,te\ are 
identities for the algebra F. 

Proof. Both polynomials are multilinear therefore it is enough to evaluate 
them on a spanning set of the algebra F. The algebra F is spanned by elements 
of the type CfC^ui ■ • ■ Uk where n, m > and Ui are left-normed commutators. 
Moreover if k > 2 then U\-- - Uk is strongly central hence CfC^ui ■ • ■ Uk will 
be central. But central elements vanish the commutators hence we consider 
substitutions by elements of the types C^C™ and C™C™u only where u is a 
left-normed commutator. 

According to Lemmas [3l 0] one has [CfC™, Cf Cf ] = J2i w i u i where the 
ut are left-normed commutators, analogously for [CiC™u, CfC^] and also for 
[CfC^u, Cf C%v]. But then [ti , t%] [ts , t^] becomes J2i w i u i v i where w.; and Vi 
are left-normed commutators. The latter sum is (strongly) central and thus the 
first polynomial is an identity for F . The same procedure applied to the second 
polynomial yields a combination of products of three commutators which is 
in F according to Lemma [1] {> 

Corollary 6 The identity \tx,t2,t^\\t^,t4\ + [ti,f2][*3,*4,*5] = holds in F. 
Proof. It is another form of the first identity of Proposition [5] (} 

Remark The polynomial £2] [^3, £4] is a central polynomial for U2(Mn(E)), 
and in particular [ii,^] 2 is central as well. On the other hand the latter poly- 
nomial is not central for Mn{E). It is well known that for the matrix algebra 



i — n V / 



z l [a, b,z,...,z] 
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M n (K) a polynomial f(t\, . . . , tk) is central if and only if f(A\, . . . , Ah) lies in 
the centre of the generic algebra Uk(M n (K)) generated by A\, . . . , Ak, see p~5l 
Proposition 1.2, p. 171] This is a sharp difference in the behaviour of the generic 
algebras for M n (K) and for M ah (E). 

Proposition 7 The standard polynomial S4 = XX ~ l) <T ^o-(i)^o-(2)^cr(3)icr(4) * s an 
identity for F. Here a runs over the permutations of the symmetric group 5*4; 
and (— 1) CT stands for the sign of a. 

Proof . First write S4 = [ti, £2] [£3, £4] — [ii, £3] [t 2 , £4] + [ii, £4] [^2, ^3] where 
aob = ab + ba. As in Proposition[5]we shall substitute the variables by elements 
of the types CfC™ and C^C^u, u a left-normed commutator. 

First suppose t\ = v\u 1 ti = Vi where u is a left-normed commutator, and 
Vi G F are arbitrary. Then [viu, v 2 ] = Uifn, uq] + [i>i, v 2 ]u. The product of three 
commutators vanishes in F hence 

[viu,v 2 ]o[v 3n v i ] = {[vi,v 2 ]u)o[v 3 ,Vi] + (vi[u,V2])o[v 3 ,Vi] = (v 1 [u,v 2 })o[v 3 ,v i \. 
Simple manipulations show that 

(vi[u,V2])°[v3,Vi] = Vl[u,V 2 ][v 3 ,Vi] + [v3,Vi]vi[u,V2] 

= -Viu[v 3 ,,V i ,V 2 ] + Vi[v 3 ,V i \[u 1 V 2 ] + [v 3 , V4, Vi][u, V 2 ] 

= -uiu[w3,W4,w 2 ] - vi[v 3 ,,v il v 2 ]u - [v z ,v i ,v ll v 2 ]u. 
Then one obtains by the identity of Jacobi 

S,i(viU,V 2l Vz,Vi) = -V 1 u([v 3 ,V4 l ,V2]-[v 2 ,Vi,Vi) + [V2,V 3 ,Vi]) 
-Vi([v z ,Vi,V 2 ] - [v2,V 4 ,V^] + [V2,V 3 ,Vi})u 
-{[VZ,V4,,VI,V 2 ] - [v2,V 4 ,Vi,Vz] + [v 2 ,V 3 ,V 1 ,V i ])u 
= -([V3,Vi,Vl,V 2 ] - [V2,Vi,Vl,V3] + [t>2, V3, Vl, Va])u. 

The latter sum equals, once again by Jacobi, 

([[vi,V 2 ], [V4,V 3 }} + [[vi,va], [V2,V4]] + [[«1,«4], [v3,v 2 ]])u 

and this vanishes as a combination of products of three commutators. 

Now we consider the substitution of tj by C^'C™*, 1 < i < 4. First one 
defines on if[X;F] an automorphism ' of order two by Xi i-» yi i-> y[, and 
then extending to the whole supercommutative algebra. It is easy to see that for 
every D = (dij) G F it holds d 22 = d' n and d 2 \ = d' 12 . This notation agrees also 
with the formula for the product C^C? in ©. Suppose A = C™'C™\ Hence 

we may consider Di — (^y ^\ , for some a,i G K[X; Y]q and 6j G K [X; Y]\. 

Put D = (dij) — S4,(D±, D 2 , D 3 , D4) G F; according to the above it suffices 
to prove that d\\ = d 2 \ = 0. 



8 



Direct computation shows that the (1, l)-entry of [Di,D<i\ o [D 3 ,D 4 ] is 

2(M 2 + 6' 1 6 2 )(fe 3 6 4 + 6364) 
+ (61 (oj - 02) - b 2 (a' 1 - 01)) (64(03 - a 3 ) - b' 3 (a' 4 - 04)) 
+ (63(04 - a 4) - 6 4 (a 3 - a 3 ))(6 2 (a' 1 - ai) - 6' 1 (a 2 - a 2 )). 

Now writing down the analogous expressions for the remaining two summands 
of S4 as above, and summing up we have 

d n = 2(b 1 b' 2 + b' 1 b 2 )(b 3 b' 4 + b' 3 b 4 ) -2(& 1 & 3 + 6' 1 6 3 )(& 2 & 4 + & 2 6 4 ) 



+ 2(6^4 


+ 6' 1 6 4 )(6 2 6 3 H 


- 6 2 6 3 ) 








+ (61 (4 


- o 2 ) - 62(4 


- ai))(6 4 (4 


- 03) 


-63(04 


-04)) 


+ (6 3 K 


— 04) — 64(03 


-a 3 ))(6 2 K 


- ai) 


-61(4 


-aa)) 


(61 (4 


- 03) - 63 (a[ 


-oi))(6 4 (a 2 


- 02) 




-04)) 


(6 2 (a 4 


— a 4 ) — 6 4 (a 2 


-a 2 ))(6 3 (a / 1 


- &i) 


-6i(a 3 


-03)) 


+ (61(4 


— 04) — 64(0^ 


- a i))(6 3 (a 2 


- 02) 


-62(03 


-as)) 


+ (62(4 


- 03) ~ 6 3 (a 2 


-a 2 ))(6 4 (ai 


- ai) 


-6'xK 


-04)) 



The last six expressions above cancel altogether, and we are left with 

dn = 4(&i&2&3&4 _ + &1&4&2&3 + - 63646163 + 6 3 6 4 6i6 2 ). 

As = C^C™* it follows by @ that 6^ = x^Q^-iy^ + x™ 1 (Im-iVi + Q for 
some Ci e if[X;Yp>. Also b'fifikh = g(iJ,k,l)yiy2yW2 where 

i?(^3 J) ^3 = ^1 * Qrik— lQrii— 1%2 1 Qrrij— iQmi— X 

+ X-^X^ 1 Qrij — lQrii — 1%2 3 *^2 * Qrrii — lQm^- 1 

— X-^ X-^ Qn; — lQrii —1^2 *^2 ^crrij — 1 W — 1 

X-^ X-^ q U j — iQ nk — iX2 %2 ^6m% — X^6mi — X- 

Thus for dii = 54(1^1, -^3, -^4)11 we have 

dn = C 9 (l,2,3,4)-. 9 (l,3,2,4) + 3 (l,4,2,3)) yi y 2 yiy 2 
+ ( 5 (2, 3, 1, 4) - 5 (2, 4, 1, 3) + g(3, 4, 1, 2)) Vl y 2V ' lV ' 2 . 

Expanding the sum of the g(i,j, k, I) above we arrive at 





Qm 2 


— lQms 


-lQni 


-iQm- 


, f T ">4 'mi 
H x 2 A 2 


mi /m 4 w ra 3 ln 2 

2 /V 1 1 


-xfx'/ 13 ) 


+ 


Qmi 


— lQm± 


-lQn 2 


-lQn 3 - 


i« 3 4 m2 


rn 2 (mjw n 4 /ni 
A 2 x 2 A x l x l 


-X^V™ 4 ) 


+ 


Qrri2 


— lQva^ 


-lQni 


-lQn 3 - 




m 3 Jmiy n 4 ln 2 
0,2 J- 2 


-arj'sf) 


+ 


Qmi 


-lQm 3 


-iQn 2 


-lQm- 


, f T n"2 '"14 
1V X 2 A 2 


m 4 /m2W T "3 T "il 

a,2 j, 2 x i 




+ 


Qmi 


— lQm 2 


-lQn 3 


-1?7»4- 


, f T ""l T "»3 
H x 2 ^2 


^2 • t '2 J 'l 


-X^x'j" 2 ) 


+ 


Qrn 3 


-lQiri4 


-lQm 


-lQn 2 - 




^2 • fc 2 A x l x l 


-X^x'j" 3 ) 
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By the relations from Section 2: (x^x 1 ™ — x^x'™) = {x[— Xi)(q n q m -i — q m q n -i) 
and (x%x' 2 m - xfxf) = (x' 2 - x 2 ){Q n Q m -i - Q m Qn-i) it follows dn = 0. 

Now we prove that S4(Di, D 2 , D 3l 1)4)21 = d 2 i = 0. The approach is similar 
to that of d\\. Computing the (2, l)-entry of [D\, D 2 ] o [D 3l D 4 ] we obtain 

2(6 2 (a' 1 - 01) - b[ (a' 2 - a 2 )){b 3 b' 4 + b' 3 b 4 ) 
+ 2{b' 4 {a' 3 - 03) - b 3 (a' 4 - a 4 ))(hb' 2 + b[b 2 ) 
= 2{a[ - ai)(6' 2 & 3 6 4 + b' 2 b 3 b' 4 ) - 2(a' 2 - a 2 )(b[b' 3 b 4 + b[b 3 b' 4 ) 
+ 2(4 - a 3 )(hb' 2 b' 4 + b[b 2 b' 4 ) - 2(a' 4 - a 4 )(b[b 2 b' 3 + hb' 2 b' 3 ). 

Permuting the indices we get that (1/4)^21 equals 

(a[ - ai )(b' 2 b' 3 b 4 - b' 2 b' 4 b 3 + b' 3 b' 4 b 2 ) - (a' 2 - a 2 )(b[b' 3 b 4 - b[b' 4 b 3 + b^b'Jn) 
+(a' 3 - a 3 )(b[b' 2 b 4 - b\b' 4 b 2 + b'^h) - (a' 4 - a 4 )(&i& 2 &3 - b[b' 3 b 2 + b' 2 b' 3 h). 

Substitute 6, = x" i Q mi -\y 2 + x' 2 H q ni -\Vi + Ci, and = a;"* a;™* + di + as in 
the previous case. Here c t £ K[X; Y] (3 \ d t £ K{X;Y}( 2 \ and e, e K[X; Y] (i \ 
One has b'tybk = fo(i, j, k)yiy[y 2 + go(i, j, k)y 2 y' 1 y 2 with 

/o(*:Jj^) = x 2 k 9nk — 1 ( x 2 ' Qnij — \ x \ ' 9n, — 1 — x 2 ' Qnii — l x \ ' <Zrij — l) 
9o(hj?k) — X^ h Qm k — 1 ( x 2 % Qmj — l%\ ' Qnt — 1 — x 2 % Qn,j— l)- 

By applying the equality (a^a^T - xV?x' 2 n ) = (x 2 - x 2 )(Q n Q m -i - Q m Qn-i) 
and after manipulation we get that fo{i,j, k) — fo(h k,j) + fo{j, k, i) equals 

Qnk — lQni — lQmj—1%1 i x 2 x 2 ~ x 2 x 2 ) 
+ qnk-iqnj-lQmi-lxTixT* ' x ™" ~ x' 2 mk X™ j ) 
T" Qnj—lQni — l^cmk — ^Xi \ x 2 X 2 X 2 X 2 ) 
= Q mi Qm j -\Qm. k -\1n i -\{<ln k -\ x x i ~ Q. nj -ix' 4 k ){x 2 - X 2 ) 
+ Qmi-\QmjQm k -\1nj~\{'lni-\ x '\ k ~ Qn k - \ x \ % ) ( x 2 ~ x 2 ) 
+ Qmi-lQm.-lQrnkqnk-liqn,-!^ ~ Qrii - 1 x'" 3 ') (x' 2 ~X 2 ). 

Thus ^21 = 4f(x)yiy[y' 2 + 4g(x)y 2 y[y' 2 . We shall prove f(x) = g(x) = 0. But 

xT X T ) (/o (2, 3, 4) - /o (2, 4, 3) + / (3, 4, 2)) 
^i 2 ^ 2 )(/o(l,3,4)-/o(l,4,3) + .fo(3,4,l)) 
^i 3 ^ 3 )(/o(l,2,4)-/o(l,4,2) + / (2,4,l)) 
< 4 ^ 4 )(/o(l, 2, 3) - / (1, 3, 2) + / (2, 3, 1)). 

But (x'"x 2 m - = x'"(x 2 - x 2 )<5 m -i + x 2 l (x[ — xi)<7„_i; substituting 

the /o by their defining equalities in f (i,j,k) - f (i,k,j) + f (j,k,i) we get 



(l/4)/(*0 = (xfV™ 1 - 

V-^l x 2 

+ (x? 3 x' 2 m3 - 

_ I '"4 >m 4 _ 
\ x l x 2 
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fix) = (x' 2 - x 2 ffW{x) + (4 - x 2 )K - Xl )fW(x). Here 



= 


Qmi 


- 1 Qni2 Qm;? - 1 Om4 - 1*^ 1 Qn2 


-lO?n 4 


-I*'" 3 


Qn3 




+ 


Q m i 


— lQ 771-2 — 1 Qnis Q m-4 — 1^1 Qri3 


-l(5n 2 


-1*1* 


- q ni 


-ixT 2 


+ 


Qmi 


— 1 Qm2 — 1 Qm^ — 1 Qni4 % \ Qri4 


-l(<7n 3 




- 9n 2 


-ix'r 3 




Qmi 


Qm2 — 1 Qm'j — 1 Qm4 — 1 Qni 


-l(<?n 4 


_i< 3 


- 9n 3 


iriA 
-\X X 




Qmi 


— lQm2~ iQm^Qm^ — 1^1 QV13 




/n 4 
-12]. 


- 9« 4 


!n\ 
-\X 1 




Qmi 


— 1 Qni2 — 1 Qm>s — 1 Qiri4 % i ^ri4 


-l(<7n 3 




- 9m 


-ix'r 


+ 


Qmi 


Qrri2 — 1 Qm3~l Qni4 — \^\ Qni 


-l(5«4 




- 9« 2 


-ix'r 


+ 


Qmi 


— 1 Qm,2 Q m.3 — lQ rr?4 — 1 ^ ^ (?7i2 


-l(<7ni 


-1< 4 


- ?n 4 


-ixT 1 


+ 


Qmi 


— 1 Qni2 — 1 Qm% — 1 Qm4 % l Qri4 


-l(9n 2 




- 9ni 


-ix'r 




Qmi 


Qrri2 — lQm^ — lQm^ — Qni 


-l(9n 3 


-izf 2 


- 9n 2 


-ixT 3 




Qmi 


— 1 Qm,2 Q w 3 — lQ m-4 — 1^1 ^Vi2 


-l(<7ni 




- 9n 3 


-ix? 1 




Qmi 


— 1 Qni2 — 1 Qm% — 1 Qni4 % l 


-l(<7n 2 




- q ni 


-ix?* 
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After simple manipulations we obtain f (1) {x) = 0. As for / (2) 0) we have 



= q ni 




Qm 2 Q m 3 — 1 


Qttj-4 — lQn 2 - 


-l(«ru 


-ixT 3 


Qn 3 — 


ix'r 




+ Qni 


-ixT 


Qm 2 - 


- 1 Q7713 


Qm 4 — lQn3 - 


-l(«n a 


-ix'r 




ix'r 




+ Qni 


-ixT 


Qm 2 - 


- 1 $7113 


- 1 Q m 4 Qn 4 - 


-l(?n 3 


-ix? 2 


- q n2 - 






- <?«2 




Qmi 1 


3 771-3 ~~ 1 


Qm4 — 1 Qn\- 


-l(9n 4 


-ixT 3 


~ 9n 3 - 


Ill A 

\X 1 




- Qn 2 




Qrni- 


- 1 Qmg 


3m 4 -l3n 3 - 




In A 

-ix l 4 


- <7n 4 - 


Ini 
lX l 




- q n2 


-ixT 


Qmi - 


- 1 Q7713 


-lQm 4 Qn 4 - 


-l(?n 3 


-ix'™ 1 


- 9ni- 






+ Qn 3 


-1X 2 


Qmi 1 


3 m 2 — 1 


Qm 4 — lQni - 


-l(«n 4 


/Tin 

-ix 1 ' 


- <7« 2 - 


ixT 4 




+ Qn 3 


-ixT 


Qmi - 


- 1 Q7712 


Qm 4 — lQn 2 - 


-l(«m 




- <7n 4 - 


ix[ ni 




+ Qn 3 


-1X2 3 


Qmi - 


- 1 Q7712 


-lQm 4 Qn 4 - 


-l(?n 2 


-ix'™ 1 


- gw- 


ix? 2 




~ <7«4 


-ixr 


Qmi 1 


5 m 2 — 1 


Qm,3 — lQni - 


-l(?n 3 


-ix'™ 2 


- <7n 2 - 


ix? 3 




- <?«4 


-ixT 


Qmi- 


- 1 Q7712 


^m 4 — lQn 2 - 


-l(?ni 




- 9n 3 - 


ix? 1 




- <?«4 


-i4" 4 


Qmi- 


- 1 Qiri2 


-lQm 4 Qn.3 - 


-l(9n 2 




- <7rn- 






Qm 


-l?n 2 - 


-lQn 3 


-lQm 4 


fn 4 r JW\>\ 
— 1*^1 «**2 


(Qm 2 - 


- 1 Qm 3 


Qrri2 


Qm 3 - 


1) 


+ Qni 


-l9n 2 - 


-lQn 3 


— lQm 4 


_i 'n 4 ni 2 
— j 2 


{Qmi ' 


3m 3 — 1 


Qmi 


— 1Q7713 ) 


+ Qni 


-l9n 2 - 


-lQn 3 


~lQm 4 


, T '»4 T m 3 

— j 2 


{Qmi - 


- 1 Qm 2 


Qm± 


Qm 2 — 


1) 


- q nx 


-l<7n 2 - 


-lQn 4 


-lQm.3 


/n3 mi 
— 1 X ]_ *^2 


{Qm 2 - 


- 1 Qmi 


Qrn 2 


Qm 4 — 


1) 


- qni 


-l<7n 2 - 


-iQn 4 


— lQms 


>n 3 m 2 
— 1 x ^ x 2 


{Qmi Qm4-1 


Qmi 


~lQ 7114 ) 


- qni 


-l?n 2 - 


-iQn 4 


-lQrnj, 


, '™3 „,™4 
— 1 x ^ X' 2 


{Qmi - 


- 1 Qm 2 


Qmi 


Qm 2 — 


1) 


+ qni 


-l?n 3 - 


-iQn 4 


-lQm 2 


, '"2 mi 
— 1 x ^ X' 2 




- 1 Qm& 


Qm 3 


Qm 4 — 


1) 


+ qni 


-l?n 3 - 


-lQn 4 


— lQrri2 


, ™'™2 „m 3 
— 1 "•'I 2 


{Qmi ' 


5m4 — 1 


Qmi 


— lQm 4 ) 


+ qni 


-lQn s - 


-lQn 4 


— lQrri2 


, ™'™2 „m. 4 
— 1*^1 2 


{Qmi- 


- 1 Qm 3 


Qmi 


Qm 3 — 


1) 


- q n2 


-lQn a - 


-lQn 4 


— lQm\ 


,™'ni m 2 
— 1 *-k 2. 2 


{Qm 3 - 


- 1 Qm^ 


Qrn 3 


Qm 4 — 


1) 


- q n2 


-lQn a - 


-lQn 4 


— lQm\ 


, rr'ni „rn 3 
— 1 ■** 2 2 


{Qm 2 * 


5m4 — 1 


Qm 2 


— lQm 4 ) 


- q n2 


-l9n 3 - 


-lQn 4 




/ni m4 
— 1 **s \ "^2 


{Qm 2 - 


- 1 Qm 3 


Qm. 2 


Qm 3 — 


1) 



Applying {x%x'™ — x^x'™) — [x' 2 — X2){Q n Qm-l — QmQn-i) one sees that the 
first three summands in the final expression cancel out. Repeat the procedure 
for the remaining three groups of 3 summands in each thus getting f^ 2 \x) = 0. 

The computation needed to show g{x) — is quite similar to the above (also 
in length), and we omit it. Thus S4 is an identity for F. () 

Remark Neither of the identities from Propositions ([5]), (J7]) is a polynomial 
identity for M n (E). Clearly T(M n (E)) C T(F); it can be easily shown that 
all identities for M n (£) follow from [[ti, £2] [£3, £4], is] (though the latter is not 
an identity for M n (£)). 
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4 The identities of M n (E) 

Here we shall prove that the polynomials from Propositions ([5]), (O generate 
the T-ideal of F. To this end we make use of the results of Popov [2]. Namely 
we shall need not only the concrete form of the basis of T(Mu(E)) but also 
the structure of the corresponding relatively free algebra. In order to make our 
exposition more self-contained we recall here the results from |14j . 

Let r n be the vector space of the proper multilinear polynomials in t% , . . . , 
t n in the free associative algebra K(T). We work with unitary algebras over 
a field of characteristic hence the T-ideal of any algebra A is generated by 
the intersections T(A) n r„. The vector space T n is a left module over the 
symmetric group S n . The action of S n on T n is by permuting the variables. We 
refer the reader to [5J Chapter 12] for all necessary information concerning the 
representations of S„ and their applications to PI theory. 

Let W be the variety of algebras defined by Mn(E) and put Y n (W) = 
r n /(r„ r\T(W)). Then clearly T n (W) is an ^-module (with the induced ac- 
tion). The result from [M] we need is the decomposition of T n (W) into irre- 
ducible submodules. It is well known that the irreducibles for S n are described 
in terms of partitions of n and Young tableaux. We refer once again to [5 
for that description. Recall that the polynomial representations of the general 
linear group GL m are also described in terms of partitions (of not more than 
m parts) and Young diagrams, see [5]. Sometimes it is convenient to use the 
"symmetrized" version of a generator of an irreducible S^-module; it generates 
an irreducible GL m -module, and vice versa via linearisation. Recall that one 
can linearise and go back as charif = 0. 

The following polynomials were defined in [14]. Let p > q > 2 and s > 0. 
Set ifp^ — ipp (ti, . . . , t p ) and ip v s } q — ip p s ) q {ti, . . . , t p ) as follows. 



( S ) = fEaeSpC-^lMi)'*^)]---^?)^! ] P° dd > 
\E (T eS P (~ 1 )' T [^(i)'^(2)]---[ < <T(p-i)'^(p)'4 S) ] peven, 

( S ) = fEreS,(- 1 ) T [*r(l)^r(2)] ■•■ [tr{q-l),tr[q)]<Pp 9 even, 

\E CT eS p (- 1 )' T [^(i)' < <T(2)]---[ < <T(p-i):^(p)] ( P9 S) peven, q odd 

and^g = E(- 1 )' TT [ a; r(i),a;T(2)] • • • [x a (i), x a {2)] ■ • • [x a ( P ), x T ( q )] when both 
p and q are odd. Here the summation runs over a G S p , r G S q , and [a, b^] 
stands for [a, b, ... , 6] with s entries of b. 

Set Mp^ to be the S„-submodule of T n (W) generated by <p P s \ n = p + s, 
and Mp^q the 5„-submodule of T n (W) generated by <p p , q , n = p + q + s. 

Let /(ti, . . . ,t n ) G T„ be a proper multilinear polynomial and suppose d = 
D a is a Young tableau associated to a diagram D of a partition of n. That is 
we fill the boxes of the diagram D, along the rows, with the numbers of the 
permutation a of n. Form the Young semi-idempotent e(d) of d and denote by 
M(d, /) the iSn-module generated by e(d)f. It is well known that it is either 
or irreducible. 



13 



The polynomials (fp and ip p y q are not multilinear but we consider their 
complete linearisations. The description of T n {W) given in [14] is based on the 
following results. 

1. If p > 2, s > then ip p s ^ and tpp) q are not polynomial identities for Mn{E). 

2. Let n = p+s and let D = (s+1, be a partition of n with an associated 
Young tableau d = D a . If f(t u t n ) 6 r n (W) then M(d, /) C Af£° 

3. Let n = p + q + s, d = D a with D = (s + 2, 2?- 1 , p-«) and / = 
f(x u . ..,x n )€ T n (W). Then M(d, f) C M<j, 

4. If the second row of a diagram D contains at least 3 boxes then for every 
/ the module M(d, /) is in T n (W). 

5. The decomposition of T n (W) in irreducibles is 

r n (w) = (e p+s =„MW)0(® p+g+s=n MW). 

Popov deduced, as a corollary to the above listed results, the main theorem 
of [14], namely that the T-ideal of Mu(E) is generated by the polynomials 
[[ti, t 2 ] 2 , *i] and [h,t2,[t3,U],h]- 

5 The identities of F 

Theorem 8 Let K be a field of characteristic 0. The polynomials 

[[tl, ^2][^3> tz], \t\,t2[\t3,t4\\ts,t6\, Si{ti,t2,ts,ti) (3) 

form a basis of the polynomial identities for the algebra F — K[C\, C2]. 

(s) 

Proof. First we shall prove that the polynomials <p\ lie in the T-ideal 
generated by the three polynomials from our theorem. Recall that 

Also it is immediate that ipf^ (t±, £2, £3, t 4 ) = 4s4(ii, t 3 , t^). Suppose s > 1. 
By the identity from Corollary [5] we obtain that (l/4)ip p s \ti, t2, t 3 , t 4 ) equals 

[ti,h}[t 3 ,t 4 ,t[ s) ] + (-i) s [t 3 ,t4,ii s) ][ti,t 2 ] + [t2M\tiMA s) ] 
+ {-lyihMA^M - [t2M][h,hA s) ] ~ {-l) s [ti,t 3l t[ s) }[t2 7 t 4 }. 

Thus (1/4)^^1,^1^2,^3,^4) will be equal to 

- [*l,*3][*l,*4,*l ]*2 ~ [h,t4][t2,t 3 ,t[ S+l:i ] - [x 3 , X4][xi, X 2 , x[ S+1) ] 

+ [ti,t 3 }[t 2 ,U,t[ s+1) } + (l/A)t 1 ifi s \t 1 ,t 2 ,t 3 ,U). 
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Analogously for (l/4)^p (£i, £2*1; £3)^4) we obtain 

(-l)"[*l,*3,ti' ) ]*2[«l,t4] - M 2 ]M4,4 S+1) ] " [*2,ta][tl J t4,4* +1) ] 
+ [*2,*4][tl,t3,4 S+1) ] + (l/4)93i S) (tl,t2,t 3 ,t4)tl. 

Therefore for (l/4)(<^(£i, tits, £3, £4) + ipp\ti,t2ti,ta,t4)) we have 
(l/4)(ti o (ti, £ 2 , t 3 , £ 4 ) - + [ti, t 3 ]< 2 [ii, *4, 4 S) ] 

- (-1)* [t x , t 3 , ti -) ]ta [*i , *4] - [tiM]t2[hMA s) ] + (-lyfaiUA'^MhM- 

An easy computation shows that the first two identities from the theorem, to- 
gether with the fact that commutation by a fixed element is a derivation, imply 
the identity [[£1, £2^3 [^4, to] — 0. Using the fact that the product of 3 com- 
mutators is we obtain [£1, £2]£ 3 [£4, £5, £e] + [£1, £2, £e]£3[£4, £5] = 0. Repeating 
several times we arrive at 

[[£i,£ 3 ]£ 2 [£i,£4,£i s) ] - (-l) s [£i,£3,£^]£ 2 [£i,£4] = 0, 
[£i,£ 4 ]£ 2 [£i,£3,£i s) ] - (-l) s [£i,£4,£^]£2[£i,£ 3 ] = 0. 

In this way (p^ +1 ^ (£1, £ 2 , £3, £4) equals 

^i s) (£i,£ 2 ,£3,£4) °*i - ip{ s \ti,tit2,t 3 ,t4) - ip{ s) (ti,t 2 h,t 3 ,t i ), 

and we may proceed by induction on s since = 4s4. 

As we work with unitary algebras and ch&rK = we can consider only the 
multilinear proper identities. Denote by / the T-ideal generated by the identities 
from the theorem and let V be the variety of unitary algebras determined by I; 
we shall study the 5„-module T n (V) = r n /T n n I. But the T-ideal of Mu(E) 
is contained in I hence T n (V) is a homomorphic image of F n (W), and we have 
to determine which of the irreducibles in T n (W) vanish modulo the T-ideal /. 

(s) 

But it is easy to see that the polynomials <p p , p > 5, are products of at 
least three commutators, and as such they follow from the second identity of the 
theorem. The same holds for ip p s ) q whenever p + q > 5. Also we showed above 

( s) 

that (p\ ' lies in / for every s > 0. Therefore 

T n (V) = M^ 2) © M 3 (n " 3) 8 M^~ 4) . 

Hence in order to complete the proof it suffices to see that the generators of the 
irreducible modules from the above decomposition are all non-zero modulo I. 
But y) 2 s) (£i,£ 2 ) = 2[£i,£ 2 ,4 s) ] and (p { 2 s) (C 1 ,C 2 ) ^ according to TUJ Lemma 9]. 

Analogously ip^ (£1, £ 2 , £3) = 2([t 1 ,t 2 ] [£3, t[ s) ] - [h, £3] [h, 4 ]) and we obtain 
<p { 3 s \Ci,C 2 , [Cx,C 2 ]) = -A[d,C 2 ][C 2 ,c[ s+1) ] =f due to [US Lemma 9]. 
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Finally p« = i[ti,t 2 }[t u t 2 ,t^} and <^g(Ci,C 2 ) = 4[Ci,C 2 ][C 1 ,C 2 ,C| s) ] 
is non-zero for the same reason as above. <0> 

In [7], A. Gordienko studied the identities satisfied by the algebra A\ C 
UT S (K) where UT 3 (K) are the upper triangular matrices of order 3 over K. 
The algebra A\ consists of all matrices whose (1, 1) and (3, 3) entries are equal. 
He deduced that T(A\) is generated by the same three identities as in our 
Theorem El Moreover Gordienko described basis of the vector space P n {A\ ) 
and T n (A{) of the multilinear and the proper multilinear elements of degree n 
modulo the identities of A\, respectively. Combining our result with Gordienko's 
theorem we obtain the following corollary. 

Corollary 9 The algebras F = K[C\, C 2 ] and A\ are PI equivalent over a field 
of characteristic 0. 

It will be interesting to know whether these two algebras remain PI equiva- 
lent if the field K is infinite and of characteristic p > 2. 



6 A description of the subvarieties 

In this section we shall describe the subvarieties of the variety V of unitary 
algebras defined by the identities of the algebra F. We shall work over a field 
of characteristic 0. Recall that r„(V) = M^ 2) ©M^™" 3) © M^ 2 ~ 4) . Therefore 
we have to find the consequences of degree n + 1 in T n+ i(V) of the polynomials 

(n-2) fn-4) ln-3) 
<P2 . </>2,2 : V?3 ■ 

Proposition 10 The consequences of degree n + 1 are as follows. 

(1) The polynomials tpjP > ^22 > an d ^3™ ^ > follow from ip 2 n ^ ■ 

(2) The polynomials f 22 ^ an< ^ V3 ^ f°tt° w from ip 2 n 2 ^ ■ 

(3) The polynomials <p 2 n 2 3 '' an( ^ ^i™ ^ follow from (p 3 n 3 '. 

Proof. Let u~ 2 2 \ti,t 2 ,t 3 ) be the multihomogeneous component of the 
polynomial (p 2 n 2 \t\ + ts,t 2 ) that is linear in £3, and let u 2 n 2 ^ (ti, t 2 , t 3 ) be 
the component that is linear in t 2 and in £3 of (p 2 n 2 4 \ti,t 2 + ts). Clearly the 

identities u~ 2 ^ and tp^ 2 ' are equivalent, and also u 2 n 2 4 ' and (p 2 n 2 4 "* are 
equivalent, as the former are partial linearisations of the latter. Then 

u ( r 2) = -2([t 2) t 3) 4 n " 2) ] + (n-3)[t 2 ,ti,t3,^ n - 3) ] + [t2,4 n - 2) ,t3]); 

4T 4) = -M[tuh][t 3 4 l ' 3) ] + hM[h,t ( r 3) ])- 

In order to prove the proposition we verify wich of the generators of the 
irreducible modules of T n+1 (Mi^) are consequences of each generator of the 
irreducible modules of r„(Afi j i). 
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1. We compute directly that = ip 2 n 2 ^£i — £i¥>2 2 "*- Similarly 

^- 2) (tuh,t 3 ) = {-\) n {u^- 2 \tiMMt2)~u { r 2 \tiMMh) 
+ ti(4"~ 2) (*i, *2, *a) - «4 n_2) (*i.*3, ta))/(n - 2) 

Also ^22^ — u 2 (*i>*i*2)£2) + 2(^2™ 2 ^2 — £i?4' 1 2 ' (£ i , £2 , £2) when n is 
odd, and similarly = ( u 2™ _1 (*i)*2>*2) — [vi™ (*ii*2), *2])/(^ — 2) — 

u 2 ™ 2 ^(£i, £ 2 , [£i, £2]) if n is even. 

2. One computes directly that 

v ( r 3) = {u^- i \tiMMh)~u ( 2 n - i \tiMt2,h))/2. 

Moreover </4™ -1 ^ i s n0 ^ a consequence of </4™2 • I* 1 order to see this observe 
that y>22~ (^i> ^2) is strongly central in F. Hence all its consequences will be 

central but ip 2 n 2 ''(Ci,C 2 ) is not central. 

3. Finally, for ip r 2 L 2 4 , one checks directly that 

^T 3) = 4" _3) (*l:*2,[*l,i2]). 

As in (2), ip 2 n ^ is not a consequence of ^3™ 3 ' ) . 

Let I and J be two T-ideals in K(X). Then / and J are asymptotically 
equal if for all sufficiently large n it holds 7 n P n = J D P n . As we consider 
unitary algebras we can substitute P n by T n . 

Corollary 11 If U is a proper subvariety ofV then U is asymptotically equiv- 
alent to either var(K) or to var(UT2(K)) . 

Proof. The variety U satisfies, for some n, at least one of the identities 

(n — 2)/ \ In— 3)/ \ (n— 4) / n 

<p 2 \X 1 ,X 2 ), if 3 '{Xi,X 2 ,X 3 ), </? 22 '{x 2 ,x-2). 

If it satisfies some Lp 2 n then by Proposition [TU] every commutator of suffi- 
ciently large degree will vanish on U. Therefore U is asymptotically equivalent 
to var(if). (Recall the latter is generated by the identity [ti, £2]-) 

If on the other hand U satisfies <y9 2 ™ 2 ^ or 933" 3 ^ then every proper poly- 
nomial of sufficiently large degree, that is a product of two commutators, will 
vanish on U. But the T-ideal of UT2{K) is generated by the product of two 
commutators, hence V is asymptotically equivalent to var([/T 2 (/vT)). (} 
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7 Identities in two variables for Mn(E) 



In this section we apply some of the results obtained above in order to describe 
the identities in two variables for the algebra Mn (E) over a field of characteristic 
0. Recall that in this way we determine the identities in two variables for E<S>E 
as well. The identities in two variables for M2(K), chari^T = were described 
by Nikolaev in [13] . We shall employ some of the results obtained in [13j . 

A word about the notation we shall use here. In order not to accumulate 
indices we shall use the letters x and y for the variables. 

The main theorem in [13] states that the identities in two variables for M-i (K) 
all follow from the Hall polynomial h(x, y) = [[x, y] 2 ,x]. Recall that T(M2(K)) 
is generated by h and by S4; one usually writes h(x, y, z) — [[x, y] 2 , z\. This form 
of h is equivalent to the one above modulo the standard polynomial S4, see for 
example [3J; otherwise the two forms of the Hall polynomial are not equivalent. 

Let H be the variety of (unitary) algebras determined by the polynomial h. 
As in the previous section we shall work with the proper multilinear elements 
only. Define 

fkmn = [x,y] k [^y,x {m \y {n) ]\ d k ,i( Xi y) = [x,y] k [x,y,x^]. 

Nikolaev proved that the polynomials fkmn, k, m, n > span the vector space 
of all proper multilinear polynomials modulo the identity h. Moreover he proved 
that T n {H) = ®Mk : i where the sum is over all k, I > such that 2k + 1 + 2 = n. 
The irreducible S^-modules Mk,i are generated by the complete linearisations 
of the polynomials dk,i given above. 

But h(x,y) — [[x, y] 2 ,x] vanishes on M\,\{E). Therefore T n (Mu(E)) is a 
homomorphic image of T n (H). We denote by J the T-ideal of the identities in 
two variables for Mn(E), thus we will have a decomposition r„(Afi.i) = ®Mk,i 
(mod J). Here the sum is taken over (some of the) k and Thus we have to 
check which of the polynomials dk,i are identities for Mn(J?) and which are not. 

Lemma 12 The polynomial dk,i is not an identity for M\^(E) when k < 2. 

Proof. Suppose k — 0, then do,; = [x,y,x^], and <fo,j(Ci, C2) / 0. There- 
fore do,; is not an identity for Mn(E). If k = 1 we have dij = [x , y][x , y , x"'] 
and as above dij is not an identity for Mu(E). (} 

Lemma 13 The polynomials dkj, k>2, are identities for M\ y i(E). If k > 3 
then dk,i follows from e?2,i- 

Proof . Suppose k > 2, then for every I > the polynomial du,i is a product 
of three commutators. Therefore dk,i{C\ 1 C2) = and consequently dk,i S 
T(M\\(E)). The second statement is immediate. () 

Thus we have the following corollary. 

Corollary 14 All identities in two variables for M\\{E) are consequences from 
[[x,y] 2 ,x] and the polynomials g^,/ = [x, y] 2 [x, y, x">\, I > 0. 
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Theorem 15 All identities in two variables for M\i(E) follow from the two 
polynomials h= \[x, y] 2 , x] and d — [x,y] 3 . 

Proof. Clearly h and d are identities for M±i(E). In order to prove the 
theorem it suffices to show, according to Lemma IT31 that all polynomials e?2,; = 
[x, y] 2 [x, y, x"'], are consequences of d and h. We shall induct on I. The base of 
the induction is I = when d 2 .o = d. Write then 

[x,yf[x,y,x®] = [x^yf^y^xV-^x-xlx^y^V-V]) 

= [x, y] 2 [x, y, x ( - l - 1) ]x - [x, y] 2 x[x, y, a^' -1 )]. 

As [x, y] 2 commutes with x (and with y) we have that d^.i follows from c?2./-i 
and we are done. 
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